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1 Introduction

When k > n, i.e. more predictors than data points, then only few options exist for fitting all predictors.

Let’s see how model averaging does in the best-case scenario: only independent linear effects. In principle,
averaging bivariate regression should be able to approximate the full model here.

We start by producing a case study:

set.seed(1) #5

N <- 20 # number of data points

X <- as.data.frame(matrix(NA, ncol=50, nrow=N))

for (i in 1:50) X[,i] <- runif(N) # 10 uncorrelated predictors
colnames(X) <- pasteO("X", 1:50)

X <- as.data.frame(scale(X, scale=F)) # center all predictors
attach(X)

Y <- 1 + as.matrix(X) %*’ rep(l, 50) + rnorm(N, sd=1)

dats <- cbind(Y, X)

range (cor (X) [upper.tri(cor(X))])

[1] -0.6529581 0.6411668

detach(X)

Predictors are (unintentionally, but almost unavoidably, and at least realistically) correlated. Thus, there will
be many options to estimate and combine predictors to yield a good fit, making the task mathematically

ill-posed. That is one of the points here, however: if we have few data points and many predictors, fitting the
full model is a challenge and any other model is likely to be “not the truth”, even if fitting will.

2 Bayesian full model



library(R2jags)
fullmodel <- function(){
for (n in 1:N){ #loop through data points
y[n] ~ dnorm(mul[n], tau)
mu[n] <- b0 + inprod(b[], X[n,])
}
# priors:
tau ~ dgamma(0.01, 0.01)
b0 ~ dnorm(0, 0.01)
for (k in 1:K){ b[k] ~ dnorm(0, 0.01)}
}
jags.data <- list(y=as.numeric(Y), X=X, N=20, K=50)
parameters <- c("b0", "b", "tau")
fulljags <- jags(jags.data, inits=NULL, parameters.to.save=parameters, model.file=fullmodel, n.chains=3
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Initializing model
plot(fulljags)
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#fulljags
boxplot (full jags$BUGSoutput$sims.matrix[, 1:50], las=1, ylim=c(-8, 8))



abline(h=c(0,1), col=c("black","red"))
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So the estimates are around the correct values of 1, but the uncertainty in estimation is dramatic. We actually

zoomed in to get an idea of where the estimates are relative to 1!

To compute RMSE is a little bit more involved. It requires to simulate the posterior predictions and identify

region of highest probability density; of course we could/should have done that within the

JAGS code itself):

their mode (

RMSEfull <- NULL

RMSEfull[i] <- sqrt(sum((Y - as.matrix(X) %*% fulljags$BUGSoutput$sims.list$b[i,1:50] - fulljags$BUGS

for (i in 1:nrow(fulljags$BUGSoutput$sims.list$b)){

plot(density(RMSEfull))

}



density.default(x = RMSEfull)
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density (RMSEfull) $x [which.max (density (RMSEfull)$y)] # mode estimate

[1] 1.427057

But we can do better, since we know the truth:

dist2truthfull <- NULL

truth <- as.vector(as.matrix(X) %#*% rep(l, 50) + 1)

for (i in 1:nrow(fulljags$BUGSoutput$sims.list$b)){
dist2truthfull[i] <- sqrt(sum((Y - truth)~2))

}

plot(density(dist2truthfull))
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density.default(x = dist2truthfull)
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density(dist2truthfull) $x[which.max(density(dist2truthfull)$y)] # mode estimate

[1] 4.449096

Let’s compute the distance of the estimates from the truth (of 1):
sqrt (1/50*sum((fulljags$BUGSoutput$meantb - 1)72)) # mean SE around truth

[1] 0.870204

So, on average, the RMSE of the estimate in the Bayesian full model is as large as the estimate itself.

3 Bayesian lasso

We can try a Bayesian lasso. This is achieved by putting a Laplacian (double-exponential) prior on the model
parameters (except the intercept). We would normally set the value for the exponential to a reasonable value,
but here we let it be estimated from the data (making it in fact a mixed model, with random slopes). The
value for this slope, lambda, should not be too large, as we expect the estimates to be around 1 (so even with
bad bias not 20 or 50). A lambda value of around 5 would be reasonable.

lassomodel <- function(){
for (n in 1:N){ #loop through data points
y[n] ~ dnorm(mu[n], tau)
mul[n] <- b0 + inprod(b[], X[n,])
res[n] <- y[n] - muln] # compute residuals for RMSE later
}
# priors:
tau ~ dgamma(0.01, 0.01)
b0 ~ dnorm(0, 0.01)
for (k in 1:K){ b[k] ~ ddexp(0, lambda)}



lambda ~ dunif(0.001, 10)
#http://stats.stackezchange. com/questions/28609/regularized-bayesian-logistic-regression-in-jags

# derived wvariables:
RMSE <- sqrt(sum(res([]~2))
3
jags.data <- list(y=as.numeric(Y), X=X, N=20, K=50)
parameters <- c("b0", "b", "lambda", "tau", "RMSE")
lassojags <- jags(jags.data, inits=NULL, parameters.to.save=parameters, model.file=lassomodel, n.chains:

Compiling model graph
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Graph information:
Observed stochastic nodes: 20
Unobserved stochastic nodes: 53
Total graph size: 1219

Initializing model

plot(lassojags)
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#lassojags
boxplot (lassojags$BUGSoutput$sims.matrix[, 2:51], las=1)
abline(h=c(0,1))
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density(lassojags$BUGSoutput$sims.list$RMSE) $x [which.max(density(lassojags$BUGSoutput$sims.1list$RMSE) $y

[1] 1.233061

The RMSE is substantially larger than for the full model. That is as expected: lasso accepts a larger bias in
favour of reducing the variance of the estimates (see abstract of: http://www.d.umn.edu/math/Technical%
20Reports/Technical%20Reports%202007- /TR%202010/TR,__2010_ 6.pdf).

Of all the actually equally-relevant predictors the lasso shrunk most to around 0 and only picked a handful as
larger than 0. More noticeably, the variance of the estimates is substantially reduced!

So while we have nicely reduced variance in the estimates, we have also gracefully removed any proximity of
the estimates to the actual true values of 1!

dist2truthlasso <- NULL

truth <- as.vector(as.matrix(X) %xJ% rep(l, 50) + 1)

for (i in 1:nrow(lassojags$BUGSoutput$sims.list$b)){
dist2truthlasso[i] <- sqrt(sum((Y - truth)~2))

}

plot(density(dist2truthlasso))


http://www.d.umn.edu/math/Technical%20Reports/Technical%20Reports%202007-/TR%202010/TR_2010_6.pdf
http://www.d.umn.edu/math/Technical%20Reports/Technical%20Reports%202007-/TR%202010/TR_2010_6.pdf

density.default(x = dist2truthlasso)
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density(dist2truthlasso)$x[which.max(density(dist2truthlasso)$y)] # mode estimate

[1] 4.450009
As we can see, the lasso-distance to truth is about the same as for the full model.

Let’s compute the distance of the estimates from the truth (of 1):
sqrt (1/50*sum((lassojags$BUGSoutput$mean$b - 1)72)) # mean SE around truth

[1] 0.8359501

So, on average, the RMSE of the estimate in the lasso is as large as the estimate itself, and only a tiny bit
lower than in the above full model.

4 Model averaging through bagging: randomForest

set.seed (1)

library(randomForest)

frf <- randomForest(y=as.vector(Y), x=X)
sqrt (mean((predict(frf) - Y)~2))

[1]1 2.19797
sqrt (mean((predict(frf) - truth)~2))

[1] 1.915363

RandomForest is substantially better than the Bayesian full model and Bayesian lasso.



5 Model averaging based on many bivariate regression

The first choice would be MuMIn, but it “only” accepts 31 predictors.

library (MuMIn)

options(na.action = "na.fail")
fm <- 1m(Y~., data=X[,1:15])
fd <- dredge(fm, m.lim=c(0,1))
fMA <- get.models(fd, subset=TRUE)
fdMA <- model.avg(fMA)
sqrt (sum((Y - predict(fdMA))~2))

[1] 8.250682
sqrt (sum((truth - predict(£fdMA))~2))

[1] 8.325972

#library (leaps)
#coef (regsubsets (z=X, y=Y, numaz=1, really.big=T))+

#library(glmnet) # doesn't seem to go through all predictors

#fglmnet <- cv.glmnet(z=as.matriz(X), y=Y)

#plot (fglmnet)

#predict (fglmnet, type="coefficients") # only the intercept is left??

I guess this requires some handwork, a little for-loop going through the 50 single-variable models.

coef .mat <- matrix(NA, 50, 2)

for (i in 1:50){
f <- as.formula(paste0("Y ~ X[,", i, "1"))
fm <- 1m(f)
coef.mat[i,] <- coef(fm)

}

mean(coef .mat[,1]) # the intercept

[1] 0.791819

# conditional averaging:

predsC <- as.matrix(X) %x’ coef.mat[,2]

# lm(Y ~ predsC) # just to check whether the tintercept is really too far off (it is)
#abline(20.9, 0.29)

sqrt (mean((Y - predsC - mean(coef.mat[,1]))72))

[1] 10.01779
sqrt (mean((truth - predsC - mean(coef.mat[,1]))"2))

[1] 10.13198

# unconditional averaging:

predsU <- rowMeans(as.matrix(X) %#*J, diag(coef.mat[,2])) # average of single model predictions
# alternatively (since for the linear model only the averaging of coefficients is fine):
predsU <- as.matrix(X) %), colMeans(diag(coef.mat[,2])) # same values!

sqrt(mean((Y - predsU - mean(coef.mat[,1]))72))

[1] 2.240833



sqrt (mean((truth - predsU - mean(coef.mat[,1]))"2))

[1] 2.090847

So the unconditional averaging actually makes quite reasonable predictions, even better than randomForest,
albeit worse than the Bayesian models. The conditional is clearly unacceptable.

Let’s compute the distance of the estimates from the truth (of 1):

sqrt (1/50*sum((mean(coef .mat[,2]) -1)72)) # mean SE around truth

[1] 0.04818903

So, on average, the RMSE of the estimate in the unconditional MA is substantially (!) lower than in the
Bayesian approaches.

We need to repeat the above analyses a few times (with different seeds, obviously) and possibly for different-size
data sets to see the general picture. When we do that, we find that

« full and lasso models yield very similar prediction RMSE and estimator biases;

o randomForest and MA of linear models are substantially worse in prediction;

o MA of linear models is very good in terms of getting the estimators right. (Note that this may be
because our truth is also a simple linear prediction problem.)

6 A more complex model - and linear model averaging

set.seed(4)

N <- 50 # number of data points

X <- as.data.frame(matrix(NA, ncol=10, nrow=N))

for (i in 1:10) X[,i] <- runif(N) # 10 uncorrelated predictors
colnames(X) <- pasteO("X", 1:10)

attach(X)

truth <- X1-X172 +1.2%X2-1.2%X272 + 1.3%X3-1.3*%X372 + 1.4%X4-1.4%X4"2 + 1.5%X5-1.5*%X572 + X6-X6"2 + X7-

Y <- truth + rnorm(N, sd=1)
dats <- cbind(Y, X)
#pairs(dats, pch=".")
detach(X)

#summary (lm(Y~poly (X1, 2) + poly(X2,2) + poly(X3, 2) + poly(X4, 2) + poly(X5, 2), data=dats))

library (MuMIn)
options(na.action = "na.fail") # needs to be set, somehow
f <- as.formula(paste("Y~ ", pasteO("X", 1:10, collapse="+"))) # only linear terms

#f <- as.formula(paste("Y~", pasteO("poly(X", 1:10, ", 2)", collapse=" + "))) # always polynoms

#f <- as.formula(paste("Y~", pasteO("X", 1:10, collapse=" + "), " + " pasteO("I(X", 1:10,
summary (fm <- 1m(f, data=dats))

Call:
Im(formula = f, data = dats)
Residuals:

Min 1Q Median 3Q Max
-2.14113 -0.78823 0.09564 0.64597 2.74252

10
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colla



Coefficients:
Estimate Std. Error t value Pr(>|t])

(Intercept) 2.14478 1.05494 2.033 0.0489 *
X1 0.77065 0.58323 1.321 0.1941
X2 -0.82179 0.62219 -1.321 0.1943
X3 0.39340 0.62123 0.633 0.5303
X4 0.34719 0.60672 0.572 0.5704
X5 0.40716 0.57226 0.712  0.4810
X6 -0.09949 0.52117 -0.191 0.8496
X7 0.33624 0.49729 0.676 0.5029
X8 -0.17102 0.57146 -0.299 0.7663
X9 -1.53920 0.64173 -2.399 0.0213 =*
X10 -0.64509 0.62268 -1.036 0.3066
Signif. codes: O 'xxx' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' '

Residual standard error: 1.048 on 39 degrees of freedom
Multiple R-squared: 0.179, Adjusted R-squared: -0.03156
F-statistic: 0.8501 on 10 and 39 DF, p-value: 0.5852

1

dres <- dredge(fm, m.lim=c(0, 3)) ###### here is the decision on model complexity #H###t##t##

coef .mat <- print(dres)[, 1:11]

Global model call: 1m(formula = f, data = dats)

Model selection table

(Intrc) X1 X10 X2 X3 X4 X5
513 2.081
517  2.741 -0.819600
518 2.463 0.6471 -0.873000
1 1.639
514 1.789 0.5883
641 1.925
521 1.898 0.3969
545 1.897 0.3648
519  2.998 -0.4116 -0.884300
645 2.584 -0.797400
515  2.220 -0.2804
529  2.137 -0.16100
525  2.588 -0.766500 0.2387
577  2.060
769  2.108
549 2.594 -0.770000 0.2127
2 1.391 0.4271
533 2.755 -0.809900 -0.06311
581  2.726 -0.818400
773 2.740 -0.819800
33 1.449 0.3804
17 1.797 -0.34180
129 1.495
9 1.479 0.3190
546 1.600 0.5916 0.3703
522 1.618 0.5792 0.3812
3 1.760 -0.2510
642 1.687 0.5428

11

X6

0.053570

0.036500

X7 X8

0.3520 -0

-1

-1

0.3008

0.2819 -0.

X9 df

.8382
.2860
.4170

.9307
.8613
.8661
.8324
.3320
0.3153 -1.
. 8456
.8031
.2740
.8465
-0.054690 -0.

-1.

2950

8415
2550

.2670
-1.
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325 -71.979 165.3 7.90 0.001
Models ranked by AICc(x)

coef .mat[is.na(coef.mat)] <- 0

coef.mat <- coef.mat[, c(1,2,4:11, 3)] # put X10 at the end, rather than in position 3

#get.models (dres, subset=T)[[1]] # there are 56 models, incl. the intercept-only model

predsComplex <- as.vector(cbind(l,as.matrix(X)) %#*/ colMeans(coef.mat)) # average of single model predi
#RMSE':

sqrt (mean((truth - predsComplex)~2))

[1] 0.3063338

# Compare to correct model structure:
fm <- Im(Y ~ poly(X1,2)+poly(X2,2) +poly(X3,2) + poly(X4, 2) +poly(X5,2) + poly(X6, 2) + poly(X7, 2)+ X
summary (fm)

Call:

Im(formula = Y ~ poly(X1, 2) + poly(X2, 2) + poly(X3, 2) + poly(X4,
2) + poly(X5, 2) + poly(X6, 2) + poly(X7, 2) + X1:X2 + X3:X4 +
X5:X6, data = dats)

Residuals:
Min 1Q Median 3Q Max
-1.79298 -0.70339 -0.01707 0.59395 1.92366

Coefficients:
Estimate Std. Error t value Pr(>|t])

(Intercept) 0.59704 1.14404 0.522 0.6054
poly (X1, 2)1 -2.40744 2.74228 -0.878 0.3865
poly(X1, 2)2 1.48494 1.30820 1.135 0.2648
poly (X2, 2)1 -1.67677 2.88661 -0.581 0.5654
poly (X2, 2)2 -3.27108 1.28550 -2.545 0.0160 *
poly(X3, 2)1 -0.01537 2.49029 -0.006 0.9951
poly(X3, 2)2 0.08557 1.21992 0.070  0.9445
poly(X4, 2)1 0.73907 2.90619 0.254 0.8009
poly (X4, 2)2 -2.01538 1.27798 -1.577 0.1246
poly(X5, 2)1 -1.81410 2.68642 -0.675 0.5043
poly(X5, 2)2 -1.14888 1.29521 -0.887  0.3817
poly(X6, 2)1 -4.99418 2.91058 -1.716  0.0959 .
poly(X6, 2)2 1.81326 1.21337 1.494  0.1449
poly (X7, 2)1 1.49297 1.22456 1.219  0.2317
poly (X7, 2)2 1.62498 1.41725 1.147  0.2601
X1:X2 1.20785 1.94292 0.622 0.5386
X3:X4 -0.42328 2.64222 -0.160 0.8737
X5:X6 3.21027 2.29329 1.400 0.1712
Signif. codes: O '#*x' 0.001 '*xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

Residual standard error: 1.056 on 32 degrees of freedom
Multiple R-squared: 0.3166, Adjusted R-squared: -0.0465
F-statistic: 0.8719 on 17 and 32 DF, p-value: 0.6078

sqrt(mean((truth - predict(fm))~2))

[1] 0.578162
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So the shrinkage due to the MA yields better predictions that the full (and correct) model!
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